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GENERIC WIDE INDISCERNIBLE SETS
ALEXANDER USVYATSOV
Abstract. We prove that a wide Morley sequence in a wide generically stable type is
isometric to the standard basis of an ℓp space for some p.
1. Introduction
Wide types in the context of continuous model theory of Banach structures were intro-
duced by Shelah and the author in [SU19]. A wide type is in a sense a “correct” notion
of a “large” definable (or rather, type-definable) object in this context: it is a type that
contains the unit sphere of an infinite-dimensional subspace of the monster model. Re-
sults in [SU19] indicate that wide types are useful and rich objects. It is also clear that if
the type is assumed to be stable, techniques of geometric stability theory yield interesting
consequences on the geometric structure of the set of its realisations. However, in [SU19]
only minimal wide stable types are investigated. One of the main results there is that
the Morley sequence in such a type (which turns out to be also the unique sequence of
its wide extensions) is isometric to the standard basis of a Hilbert space ℓ2. This struc-
tural result was used in order to prove that any non-separable non-separably categorical
Banach structure is prime over an underlying Hilbert space.
In this note we initiate the study of the geometric structure of generic sequences in wide
types in a much more general context. Our main result is that a wide Morley sequence in
a wide generically stable type is isometric to the standard basis of an ℓp space for some
1 ≤ p < ∞. Since a Morley sequence in a minimal wide stable type is automatically
wide, one can consider this result as a more general analogue of the theorem from [SU19]
mentioned above.
2. Preliminaries
Let us fix a monster Banach structure C.
The reader may assume for simplicity that C is the monster model (a “big” saturated
model) of a continuous first order theory T , so that T extends an (incomplete) theory
of (real or complex) normed spaces (see Example 4.5 in [BYU10] for the discussion of
several approaches to constructing such a theory). In particular, C expands an underlying
Banach space (i.e., it is a Banach space with uniformly continuous extra-structure).
However, let us remark briefly that for the purposes of our paper, C does not need
to be saturated, and that our proofs do not require compactness. So a reader familiar
with more general contexts of model theory of metric structures, e.g., monster metric
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spaces [SU11] or homogeneous metric monsters [SU] (which essemtially means that C is
a metric structure, which is also (D, λ)-homogeneous [She71] for a “big” λ) will see that
our proofs easily carry over to these frameworks. Of course we still assume that C is a
Banach structure, that is, a continuous expansion of an underlying Banach space.
All sets discussed in the paper are assumed to be subsets of C, and all models –
complete elementary submodels of C. In the (most interesting) case of C saturated, this
just means that a model is a model of T in the sense of continuous logic (which implies
by definition that it is complete).
2.1. Basic notation. We denote the space of types over a set B by S(B), where as
S(B) stands for the “unit ball” of B, that is, the collection of all elements of B of norm
1 (naturally, we will only use this notation in case B is a subspace of C).
Notations are more or less standard. Models will normally be denoted by M,N, . . .,
sets –– by A,B,C, . . .. In this paper, B normally denotes a complete subspace of C. We
denote elements and finite tuples by letters a, b, c, . . ., By a<n we mean the sequence of
tuples 〈ai : i < n〉, similarly for a<ω, etc.
Given a sequence I = 〈an : n < ω〉 of elements (not tuples) in a Banach space B, a
normalized block of I is an element b = b(n, k) of the form
∑k−1
i=0 rian+i, where n, k < ω,
ri and ‖b‖ = 1. By sequence of normalized blocks of I we mean a sequence 〈bm : m < ω〉
2.2. Blocks and sequences of blocks. Let us fix some notation and terminology.
Let k < ω be a natural number, r¯ = 〈r0, . . . , rk−1〉 ∈ R
k a sequence of real numbers.
Denote by ρk,r¯ or simply by ρr¯ the following term:
ρk,r¯(x0, . . . , xk−1) = ρr¯(x0, . . . , xk−1) = ρr¯(x¯) =
k∑
i=1
rixi
Given a global M-invariant type p, we denote by ρk,r¯(p) the type of ρk,r¯(a1, . . . , ak),
where 〈ai : i < ω〉 is some (=any) sequence in p over some (=any) model N saturated
over M . More precisely, we denote by ρk,r¯(p) the unique global M-invariant extension of
this type.
In other words, ρk,r¯(p) is the type of a certain block (determined by ρ) of a generic
sequence of realizations of p; and it is also a global M-invariant type.
Similarly, given an M-indiscernible sequence I = 〈ai : i < ω〉, denote by ρk,r¯(I) the
sequence of appropriate “blocks” from I, that is,
ρk,r¯(I) = 〈bn : n < ω〉
where bn = ρk,r¯(akn, akn+1, . . . , ak(n+1)−1)
We call the collection of all types of the form ρk,r¯(p) the linear span of p, denoted by
Span(p). If p = Av(U) for some ultrafilter U on M , we also denote Span(p) by Span(U).
It is easy to verify that all elements of Span(U) are themselves finitely satisfiable in M ,
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hence are average types of ultrafilters on M . If q = Av(V) and q = ρk,r¯(p), we will also
write V = ρk,r¯(U).
The closure in the logic topology of the linear span of p is called the closed linear span
of p, or just the closed span of p, and is denoted by Span(p).
2.3. Standard sequences and sequence spaces. Fix a fragment ∆ of the language
L and an L-structure B.
Definition 2.1. Let I = 〈ai : i < ω〉 be a sequence ∆-based on B, and let 1 ≤ p < ∞,
ε > 0.
(i) We say that I is (1 + ε)-equivalent to the standard basis of ℓp if for every k < ω
and r¯ ∈ Rk, we have that
‖ρk,r¯(a0, . . . , ak−1‖ ∼(1+ε)
p
√√√√k−1∑
i=0
|ri|p
where t ∼(1+ε) s means
(1− ε)t ≤ s ≤ (1 + ε)t
(ii) We say that I is (1 + ε)-equivalent to the standard basis of c0 if for every k < ω
and r¯ ∈ Rk, we have that
‖ρk,r¯(a0, . . . , ak−1‖ ∼(1+ε) max{|ri| : i < k}
(iii) We say that I is (1+ ε)-equivalent over B to the standard basis of ℓp if for every
k < ω, r¯ ∈ Rk+1 with rk = 1, and b ∈ B, we have that
‖ρk+1,r¯(a0, . . . , ak−1, b‖ ∼(1+ε) ‖
p
√√√√k−1∑
i=0
|ri|pa0 + b‖
(iv) We say that I is (1+ ε)-equivalent over B to the standard basis of c0 if for every
k < ω, r¯ ∈ Rk+1 with rk = 1, and b ∈ B, we have that
‖ρk+1,r¯(a0, . . . , ak−1, b‖ ∼(1+ε) ‖max{|ri| : i < k}a0 + b‖
We will say “isometric” for “1-equivalent”.
3. Generic wide sequences
Definition 3.1. (i) Let M be a model, p ∈ S(M) a wide type. Given an indis-
cernible sequence I = 〈ai : i < ω〉 in p, we call I a wide indiscernible sequence
if I ⊆ S(B), where and B an infinite dimentional subspace of C so that the unit
sphere of B is contained in the set of realizations of p, that is., I ⊆ S(B) ⊆ pC.
(ii) We say that I as above is a generic wide indiscernible sequence in p if in addition
tp(an/Ma<n) is finitely satisfiable in M (that is, I is a coheir sequence over M).
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Note that if p is stable (or just generically stable), then I is wide generic if and only if
it is a wide Morley sequence: that is tp(an/Ma<n) does not fork over M for all n < ω.
A typical example of a generic wide sequence is the unique sequence of wide exten-
sions (equivalently, the unique Morley sequence) in a minimal wide stable type. Such
sequences were studied extensively in [SU19], and it was shown that any such sequence
is 1-equivalent to the standard basis of ℓ2.
Observation 3.2. Let I be a wide sequence in a wide type p over a set A. Then every
sequence of normalized blocks of I is a sequence of realizations of p.
Theorem 3.3. Let M is a Banach structure, p ∈ S(B) a generically stable wide type, and
I = 〈ai : i < ω〉 a wide generic indiscernible set in p. Then I is isometric (1-equivalent)
to the standard basis of a basic sequence space.
Proof. Let J = 〈bi : i < ω〉 be an sequence of normalized blocks of I By a well known
characterization of basic sequence spaces (which essentially goes back to the classical
paper of Bohnenblust [Boh40]), it is enough to show that tp(I) = tp(J) (quantifier free
type is enough). In fact, we will show that tp(I/M) = tp(J/M)
We shall prove by induction on n < ω that tp(a<n/M) = tp(b<n/M); this clearly
suffices.
For n = 1 there is nothing to prove. Assume that we know tp(a<n) = tp(b<n) for some
n ≥ 1, and let σ ∈ Aut(C/M) be such that σ(b<n) = a<n.
Since bn is a normalized block of I, we have (by e.g. Observation 3.2) that bn |= p.
Recall that we denote by range(bn) the indices of I that are involved in the definition
of bn.
Since min range(bn) > max range(bi) for all i < n, and I is a Morley sequence over M ,
we also have bn |⌣M b<n.
Similarly, an |= p and an |⌣M a<n. Combining this with the induction hypothesis,
by generic stability (stationarity of non-forking extensions), since M is a model, the
independent pairs a<nan and b<nbn also have the same type over M . This finishes the
proof.
qed3.3
Remark 3.4. Since c0 is not generically stable (that is, a generically stable type can not
have a Morley sequence isometric to c0), Theorem 3.3 shows that any such sequence is
in fact isometric to the standard basis of some ℓp for 1 ≤ p <∞.
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